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annot be faxed to the referees.
Computer programs appended to the solutions should be a

ompanied by detailed des riptions (what

language it has been written in, how to use the program, whi h parameters
interpret the output gures and graphs, et .) They

omputer

an be set, what notations are used, how to

an be en losed on oppy disks, or sent via email to the addresses

below.
Solutions

A

an be sent by mail, fax, or email (in L TEX, TEX, pdf or Posts ript formats. Contestants are asked not
to use very spe ial L TEX style les unless in luded in the sent le(s). Ele troni ally submitted solutions should be

a

A

ompaniedin a separate e-mailby the

ontents and, if ne essary, a des ription explaining how to open it.

Postal Address: Fizikus Diákkör, Dávid Gyula, ELTE TTK Atomzika Tanszék,
H-1117 Budapest, Pázmány Péter sétány 1/A, HUNGARY

or

Fax: Dávid Gyula, 36-1-3722775
Cserti József, 36-1-3722866
E-mail: dgyludens.elte.hu

Deadline for sending the solutions: 12 o' lo k CET (11:00 GMT), 7 November 2005.
Contestants are asked to ll in the form available on our webpage after posting their solutions. It will be used for
identi ation of ontestants and their solutions.

Without lling in the form, the organizers annot a ept the
solutions! The form is available only on 7 to 8 November.

The ontest will be evaluated separately for ea h university year, a ording to the total number of points. The
referees reserve the right to withhold, to multiply or to share some prizes. Beyond the money prizes given for the rst,
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1. It is well known that during his mira ulous year Einstein was working as an examiner in the Swiss Patent O e
in Bern. One day an inventor kno ked on his door with his perpetual motion ma hine. The heart of the assembly
was a U-tube, with its left arm longer than the right one. The left arm was lled with water, while the right
onewith a denser liquid.
Just like in other de ent

ommuni ating vessels, the liquid level in the left arm was

higher than in the right one. The assembly also

ontained some wooden balls whose

density was smaller than that of either liquid. There were several balls in the right
arm, and sin e their diameter was only slightly smaller than that of the tube, they
were sta ked on top of one another. Out of the many balls some were above the liquid
surfa ewhile that at the bottom was so deeply in the liquid that it rea hed the left
arm of the U tube and oated to the surfa e. Sin e the liquid level was mu h higher
in the left arm than in the right one, when the ball rea hed the surfa e it fell. While
falling, it turned a paddle wheel, making useful work, and then landed in the right
arm, on top of the other balls. Then the new ball at the bottom was pushed into the
left armand the whole pro ess started again.
How did Einstein

lear up the mist for the mistaken inventor? Answer every obje tion

the inventor might have. Show that

onstru tions based on the method des ribed

above are never fun tional.
-3mm
(Merse El®d Gáspár)
2. Far from the stars, in empty spa e a spa eship is movingnaturally, at onstant speed. To the bow and the
stern of the spa eship two giganti lenses have been xed, fo using starlight on two water tanks. Be ause of the
Doppler ee t, on the bow the light of the approa hing stars is slightly bluer, while on the stern, the light
of the re eding stars is slightly redder than the average. A ording to Plan k and Einstein, photon energies
are proportional to their frequen ies, thus the water tank on the bow absorbs more heat per unit time than its
ounterpart on the stern. Thus water will be somewhat warmer in the front tank than in the ba k one. A heat
engine installed between the two tanks is used to heat the aptain's sauna and feed the ooling fan of the Great
Computer. The method provides the rew with a omfortable sour e of energy forever.
a) Can the system work? Is it not in

ontradi tion with the se ond law of thermodynami s (as it uses only one

heat reservoir, stellar radiation as its sour e of energy)?
b) Some say that the spa eship will sooner or later

ome to a halt. What physi al fa ts do these Some refer

to? And, after all, what does  ome to a halt mean? Relative to what? What does Einstein have to say on the
matter?
-6mm
(Gyula Dávid)
3. One evening the young Albert was sitting at the kit hen table, ghting with his obligatory daily dose of oranges.
To tell the truth, he was just playing with the oranges instead of eating themfor he happened to nd a perfe tly
hemispheri al half orange, whi h he repeatedly pi ked up, turned edgeways, and with an initial push set into
rolling on the table. Absorbed in the fas inating dan e of the orange, Albert started pondering whether it was
possible, in prin iple, to set the orange in motion so that it would tra e out a straight or a ir ular path.
a) Try to answer the above questions.
Needless to say, the freshly washed orange usually followed a meandering path, tra ing out beautiful gures in
the very ne our layer overing the table. Gung-ho, Albert gobbled up the oranges, and spent the rest of the
evening with the mathemati al analysis of the urves.
b) Let us do the same. Do the
damping used in the
(

Hint:

urves possess a general qualitative property independent of the

hara ter of the

al ulations?

The mass distribution of the oranges is assumed to be uniform.)

-6mm
(Péter Rakyta)
4. As part of `Thrown-Up Stone' proje t, the Ameri an Gun Club has nally made its spa eship gun, and named
it after Jules Verne. (The giganti

earthwork had some real spin-os: the earth's rotation was stopped, and its

atmosphere vanished. But something for something: J. T. Maston has one less parameter to take
al ulations.) The gun laun hes its proje tile at the se ond

osmi

are of in his

speed, whi h then leaves the earth in the radial

dire tion. Not long before the ountdown, the Gun Club learns that 10,000 kilometers away their German rival
has produ ed an identi al gun. Moreover, the Germans plan to laun h three proje tiles at one-hour intervals
spa eships `Zero Stone', `One Stone', and `Two Stone'. The se ond proje tile is to be laun hed simultaneously
with the Florida spa eship `Verne'. Needless to say, the onstru tors equip the spa eships with radars following
the motion of the others.
D-day arrives. The

rew of spa eship `One Stone' (Ein Stein) is awaiting the unpre edented spa e voyage in

ex itement. Bang. . . an enormous jerk. . . apparently the sho k absorbers ould have done better. g -LOC sets in.
An hour and a half later the rew members ome by, only to nd out what is meant by amnesia: they have no
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idea who and where they are. Puzzled, they oat in the abin. Their only sour e of information is the radar,
showing the position of the three other metalli obje ts relative to themselves. The rew members slowly start to
remember the most important thing: they are all physi ists who learned Newton's laws and the Physi ists' Mar h

(http://mafihe.hu/indulo.html#english). From the fa t that they are oating they draw the
are in an inertial frame. Next they determine the for e law governing the a
relative to them. Let us do the same.

on lusion: they

eleration of the three other obje ts

-5mm
(Gyula Dávid)
5. While working out the spe ial theory of relativity Einstein was pondering a great deal about the physi al and
philosophi al reasons behind the privileged status of re tilinear motion with respe t to a eleratede.g. ir ular
motion. Let us do the same.
Cal ulate how mu h time a spider needs to rea h a point at 3.14 meters and ome ba k, if it is to arrive at the
starting point with zero speed. How mu h time does it need to run along the ir umferen e of a ir le two meters
a ross, if starts and arrives at the same point with zero initial and nal speed?
The fri tion

oe ient between the spider and the (at) surfa e is 0.4; there is no bound imposed on the spider's

speed.
-4mm
(Zsolt Bihary)
6. In his rst arti le, published in 1901, Einstein studied phenomena o

urring in liquids. Let us do the same.

A ray of laser light (e.g., a laser pointer) is shone perpendi ularly on one of the planar side walls of a transparent
tank lled with water. The sour e of light, initially below the water level, is moved upward. What is observed on
the paper s reen behind the tank? How does the pi ture hange if the tank is lled with some other liquid?
(Zsuzsanna Rajkovits and Péter Kenesei)
7. In his rst s ienti

works Einstein studied surfa e tension in liquids. Let us do the same.

It is well known that if a positive bulge or a negative dip is

reated on a part of a water surfa e, thenafter a

long timea positive (bulging) soliton wave will usually result in both
reate a dip-shaped traveling soliton wave. What

ases. Although tri ky, it is also possible to

onditions must be met for this to happen (e.g., for the interfa es

between water and air / salt water and freshwater, for the depth of water)?
-4mm
(Imre Jánosi)
8. Ane dotes have it that already in his early
us do the same.

hildhood Einstein found a deep interest in playing with magnets. Let

Two parallelly oriented permanent magnets are pla ed along a straight line oaxially, so that their separation is
large ompared to their size. The magnets are initially at rest. Study their motion. How an the strength of the
magnets be determined from time and distan e measurements?
Fri tion, air resistan e and all other damping ee ts should be negle ted. Study the general
the magnets are oaxial neither with one another nor with the line onne ting their enters.

ase, too, in whi h

(József Cserti and Gyula Dávid)
9. Einstein has taught us that in a su iently strong gravitational eld even light follows a ir ular path. However,
not only gravitation an urb the traje tory of light: Fermat's prin iple an do it as well.
Consider an opti al medium, whose index of refra tion
should the fun tion

n(r)

a) the origin is at the

be

n

depends only on the distan e

r

from the origin. How

hosen if light moves in an ellipti al path, and

enter of the ellipse;

b) the origin is at the fo us of the ellipse?
Compared to the ellipse, what is the maximum extent of the region

hara terized by the refra tive index fun tion

n(r)?

Hint: With a suitable (

y li ) hoi e of the

oordinate it is straightforward to nd the rst integral of the dierential

equation of the path.
-4mm

(Gyula Dávid)
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10. Show that

lassi al ele trodynami s is not

ovariant nonrelativisti ally.

Hint: First determine the Galilei transformation formulas of the ele

tri eld and the magneti indu tion assuming
the ovarian e of the Lorentz for e law. Verify that the Maxwell equations for E and B are ovariant under Galilei
transformations. Then show that the Maxwell equations for the ele tri displa ement ve tor and the magneti
eld

annot be

ovariant if the

ovarian e of the

onstitutive relations

Next, sket h how you would sear h for transformations under whi h
ould Poin aré arrive at the Lorentz transformation equations?

D = ǫE

and

H = (1/µ)B

is assumed.

lassi al ele trodynami s is

ovariant. How

-4mm
(Previously assigned problem, Tamás Fülöp, 1993)
11. It is well known that Einstein pondered a great deal about moving mirrors. A ording to some un onrmed sour es
on e, standing by the rails, he stared for several long se onds at a lady making up in her tiny hand mirror in the
train zooming past him. Let us do the same. (No, you do not have to get on a train to x your make-up, you have
to ponder about moving mirrors.)
Consider a paraboli mirror, moving at a velo ity v relative to the observer. An obje tstationary in the mirror's
referen e frameis pla ed at a distan e r from it. Study the images formed by the mirror. Tra e individual light
rays, and al ulate the position, size, and orientation of the reated imagein Einstein's referen e frame.
-3mm
(József Cserti and Gyula Dávid)
12. Everybody knows that a point-like unit

φ(x) = 1/|x − x0 |,

harge sitting at

x = x0

an be des ribed by an ele trostati

potential

for whi h

∆φ(x) = −4π δ(x − x0 ) .

(1)

harge distribution ρ̃(x) = δ(x − x0 ) is almost everywhere zero and is on entrated on a
R 3
d x ρ̃(x) is unity. For that the formula should indeed apply to a harge sitting
harge
3
point of R , the omponents of the ve tor x0 = (x0 , y0 , z0 ) have to be
. However, when the

In other words, the

point so that the total
in a spe i

3-dimensional Lapla ian is applied to the

real

omplex valued fun tion

φ(x) = p

1
(x − x0

)2

(2)

+ (y − y0 )2 + (z − z0 )2

omplex

of any
ve tor x0 , the result is almost everywhere zero again. (Prove this statement.) Note that x is always
a real ve tor, only x0 is allowed to take omplex values. Moreover, a hoi e of square root is obviously ne essary,
but suppose the hoi e has been made on e and for all.
Now, a

omplex valued ele trostati

potential, su h as (2),

learly does not make physi al sense. (Why?) However,

in order to end up with something real and physi al, one might try to dene

ϕ(x) = p

1
(x − x0

)2

+ (y − y0

)2

+ (z − z0

)2

+p

1
(x − x̄0

)2

+ (y − ȳ0 )2 + (z − z̄0 )2

,

(3)

where the bar means omplex onjugation. Clearly, the above fun tion is real and its Lapla ian is almost everywhere
zero for any

omplex 3-ve tor x0 . Thus (3) may be used to des ribe a physi al
dened by the equation

hoi e of the

with the density

ρ(x)

harge distribution,

∆ϕ(x) = −4π ρ(x) .
What is

ρ(x)

like? What is its total

(4)

harge? What is its support, i.e. at what points is the

harge distribution

dierent from zero? How is your answer re on iled with the straightforward guesses: two point
omplex lo ations or  omplex dipole?

harges sitting at

x0 = (i, 0, 0). Se ond, what happens if the rst omponent is not purely imaginary,
but has a real part, too? What if all omponents are arbitrary omplex numbers?

First answer these questions for
What happens to the

SO(3) symmetry of R3 ? Using SO(3) transformations, a real 3-ve

so that it should lie along a pres ribed axis. What

tor

an always be rotated

an be said in the same spirit about a

omplex 3-ve tor if

SO(3) transformations are allowed? Two point harges at real lo ations (±x0 , 0, 0) are left invariant by the SO(2)
subgroup of rotations around the x-axis. What is the stabilizing subgroup of our harge distribution ρ(x)?
The group SO(3) is understood above as the usual rotation group. How do the answers hange if it is repla ed by
SO(3, C), that is by the group of omplex 3×3 matri es A for whi h AAT = 1? (T stands for matrix transposition.)
Whi h is the true symmetry group of our problem, SO(3), or SO(3, C)?
And nally, what does this problem have to do with Einstein?

Hint:

How are

SO(3, C)

and the Lorentz group

SO(3, 1)

related?

-5mm
(Dániel Nógrádi)
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13. In his famous 1905 arti le Einstein dis losed his views On the Ele trodynami s of Moving Bodies. Let us do
the same. Sin e the title has already been taken, let us ponder On the Ele trodynami s of Rotating Bodies.
Transform the (nonrelativisti ) Maxwell equations into a
(

Hint:

Use rationalized

oordinate system rotating at an angular speed

Ω.

gs units.) Write down the equations in ve tor form.

What is the form of the ontinuity equation des ribing mass onservation? What form does the equation of motion
take for a point harge q of mass m? How an one introdu e the usual ve tor and s alar potentials? What is the
form of the wave equation for eld quantities and for potentials? Find the dispersion relation of ele tromagneti
waves propagating in harge- and urrent-free regions.
Examine whether the rotating-frame equations have solutions orresponding to a pair of parti les of mass M and
m, of harge +e and −e, both at rest, separated by a distan e R. If there is no su h solution, what mathemati al
approximations must be made so that su h a solution should exist? What is the physi al meaning of these
approximations? How should the angular speed Ω of the rotation be hosen?
-4mm
(Gyula Dávid)
14. When he read the vulgarized versions of his own theories in the newspapers, Einstein was sometimes tearing out
his hairso familiar to all of us from hundreds of photos. Let us do the same. And then let us take a loser look
at the bathtub, lled with water of temperature T , with a hair of length L oating on the surfa e. The hair,
whi h stays entirely on the surfa e throughout the pro ess, is unstret hable, but perfe tly exibleit an even
ross itself. Its linear energy density is proportional to the square of the lo al urvature. The angle between the
tangents drawn to the two endpoints of the hair is denoted by ϕ. Determine the probability density fun tion for
ϕ.
(Gy®z® Egri and Bálint Tóth)
15. By working out the theory of Brownian motion, Einstein laid the mi ros opi
of diusion, a ording to whi h the time derivative of the
∆ = ∇2 is the Lapla ian.

on entration

foundations of the Fourier equation

n(r, t)

is proportional to

∆n,

where

But an we really trust this equation? Consider a metal plate, in whi h the on entration of the solved additive hanges linearly between the two boundary surfa es. Be ause of the linearity, ∆n = 0. Does then su h an
inhomogeneity persist in the plate forever?
-3mm
(Tamás Geszti)
16. The streets of a neighborhood form a pra ti ally innite square latti e. Einstein's 1905 explanation for the Brownian motion applies equally for drunken people on this latti e. When drunken people get to rossroads, they hoose
ea h of the four possible dire tion (forward, left, ba kward, right) with the same probability.
a) Suppose that the street se tion between two adja ent

rossroads is

rossed. A pub is lo ated at one end of the

losed se tion. A physi ist, living at the other endpoint of the losed se tion, staggers out of the pub. Find the
probability that he gets home before getting ba k to the same pub again.
b) What is the answer if our physi ist is so pissed that he de ides not to walk but to take his
is the same as before, but the
respe ts the highway

ar? His algorithm

losed se tion is no longer a problem for his SUV. (Otherwise, he sub ons iously

ode.) All the streets are two-way. However, the steering wheel is stu k, so the

go straight or turn to the left. (Initially, it

ar

an only

an start in any dire tion.)

-3mm
(Merse El®d Gáspár)
17. Two ta hions move at a speed 2c relative to the observer. Determine the magnitude and dire tion of their speed
relative to ea h other, if they move
a) in antiparallel dire tions
b) in perpendi ular dire tions
in the observer's frame.
-5mm
(Previously assigned problem, Gyula Dávid, 1992)
18. Ever sin e it was set in orbit in 2315, the Einstein Gala ti Spa e Station has been moving at onstant speed along
a ir ular path that is 100 lightyears a ross and rea hes out to the Solar System. The rew have been feeling an
2
2
inertial ( entrifugal) a eleration of 2g = 20 m/s = 2 lightyears/year , as approved by the Bioadaptation O e.
In whi h years does the spa e station zoom past the Solar System? How mu h older do the
a y le?
The spa e station is kept in its
jet engines from the late 23rd

rew members get in

ir ular orbit by proton-antiproton ro kets (PAPRs). (PAPRs are pra ti ally lossless
entury, powered by

ollimated photons

5

reated in the annihilation of separately

stored proton and antiproton plasmas.) The fuel to be used is transported to the spa e station on e ea h

y le,

by a PAPR-powered robot spa e raft moving along an approximately straight line at a onstant a eleration of
200 g . The mass of the empty robot spa e raft is negligible ompared to that of the transported fuel.
How mu h fuel has to be transported to the spa e station ea h y le if the useful mass of the spa e station is
10,000 tons? When laun hed from the earth, how mu h fuel should the robot spa e raft ontain? When should it
be laun hed relative to the time of the losest en ounter between the spa e station and the earth?
(Zsolt Bihary)
19. A laser is a

elerated along its axis. How are its properties modied ompared to those of an identi al but stationary

laser? (Note: besides its

olor, light has several other properties.) The laser

with a mirror at ea h end. Can anything depend on whether the a
for e? . . . Or a gravitational for e?

an be modeled as a rod-shaped solid

eleration is due to a surfa e for e or a bulk

-3mm
(Titusz Fehér)
20. On several o asions Einstein re alled that his later interest in the problems of relativity rooted in a hildhood
thought experiment: he tried to imagine what he would see if he was keeping pa e with light. Would he see omoving light waves? Or stationary light waves? Thanks to his later eorts we now know that this annot happen
in empty spa e: nobody an at h up with light propagating at a speed c. But what about light propagating in
a medium of refra tive index

n,

at a speed

u = c/n?

Cherenkov's ele trons are known to overtake light in water.

Let us do the same.
Write down the sour e-free Maxwell equations in a medium of innite extent, of diele tri
onstant ǫ, and magneti
permeability µ, moving at a onstant speed V relative to the observer. Find the plane wave solutions of wave
ve tor

k

ω . Derive their dispersion relation ω(k, V). Identify absolute standing waves, i.e. wave
ω = 0. Examine the possible polarization properties of these waves, and the possible ongurations
tors V, k, E, D, B, and H. Dis uss the results for various values of u (the speed of light in the medium)

and frequen y

solutions with
of the ve
and

V

(the speed of the medium relative to the observer). How

absolute standing waves ?
Hint: Use rationalized gs units.)

an one observe these

What would Einstein see if he was running (or standing) next to su h a wave?

(Gyula Dávid)
21. Muons de ay into ele tronneutrinoantineutrino trios. How does the momentum distribution of the reated
parti les depend on the momentum p0 of the in oming unpolarized muon? The question of muon de ay is treated
within the framework of the standard model of parti le physi s: a ording to it, the momentum distribution
of the (approximately zero-mass) ele tron

f (x) = 16x2 (3 − 4x),

where

reated in the isotropi

x = pele tron/mmuon ,

with the

onstraint

de ay of an unpolarized muon is given by

0 < x < 0.5.

p0 , its mass
m0 , while the mass of the parti le reated in the de ay pro ess (in addition to the neutrino-antineutrino pair)
is p and its mass is m (no longer negligible). The distribution fun tion of the outgoing parti le in the enter-ofmomentum frame, f (pCM , θ), is known, and it is not ne essarily isotropi . Determine the distribution fun tion of
the outgoing parti le in the laboratory frame, f (p, θ).
Examine also the following generalization of the question. The momentum of the in oming parti le is

is

-3mm
(Sándor Katz)
22. Examine the similarities and dieren es of the thermodynami
under the following onditions.
a) Photon gas in a box: Ele tromagneti

radiation is

hanges taking pla e in an expanding photon gas

onned to a box with ree ting walls. The walls are slowly

moved outward, so the volume is in reased, and the ele tromagneti waves ree ted from the walls undergo a
Doppler shiftthus the spe trum is slowly hanged. If the distribution was originally Plan kian, so will be the
new oneat a dierent temperature. This gives the des ription of the adiabati expansion of a photon gas in a
box. Examine the details of the pro ess, and determine the relation between the volume and temperature of the
photon gas.
b) Photon gas expanding freely in spa e: A well-known example for this situation is the ele tromagneti
in equilibrium with the solar photosphere (about

6000

radiation

K), whi h undergoes substantial expansion as it leaves the

sun's surfa e. What is the temperature of the radiation when it rea hes the earth? What would be the earth's
average temperature if it had no atmosphere? (The greenhouse ee t of the atmosphere makes things even more
omplex.)
) Cosmi

ba kground radiation: Cosmologists tell us that a similar pro ess takes pla e in the expanding Universe.

The photon gas, reli of the Big Bang, that was on e in thermal equilibrium with all other forms of matter, be ame
de oupled, and has been in ontinuous expansion and ooling ever sin e. At rst sight this situation is similar
to b). Nonetheless the same

osmologists

onrm that the radiation spe trum is Plan kian at all times, with a

steadily de reasing temperatureand they speak of an adiabati

expansion of the photon gas, just like in a). In

this ase, however, there is no ree tion pro ess behind the Doppler shift of ea h wave. How is it possible that the
photon gas keeps on expanding adiabati ally, through states hara terized by well dened temperatures? With
what kind of matter is the radiation in thermal equilibrium?

6

As a good student of Sherlo k Holmes, nd some underlying symmetry. What would
nitei.e., nonzeromass?

hange if photons had a

-3mm
(Previously assigned problem, Gyula Dávid and Péter Hantz, 1996)
23. Einstein's spe ial theory of relativity is based on a 4-dimensional spa etime, des ribed at ea h point by a lo ally
Minkowskian metri , but whose global topology is left unspe ied. Imagine a spa etime in whi h one of the spatial
1
3
oordinates is y li , i.e., it has a global topology of a losed ylinder (S × R ), and re-examine the usual twin
paradox.

Let two twins be A and B . Twin A is waiting at the rail station, while B zooms past, sitting on board the
Relativisti Rail, whi h is a superfast train ontinuously ir ling the universe. The Relativisti Rail travels along
a straight line with a large onstant velo ity. At the instant of their meeting, A and B are of the same age.
a) During the trip,

B

is

arefully observing the great

lo k tower found in the

lose vi inity of the station and

ompares its time to that shown on her own wat h. Does she observe the station
her own? What does the answer depend on?

lo k run faster or slower than

b) Whi h of the two twins will be older at the time they meet again at the rail station? What is the origin of the
(a)symmetry?
) Assume that the Relativisti

Rail never stops at the station, but travels on with an un hanged velo ity. What

is the intensity of the sound of the engine, as heard by
(Assume that the length of the railroad is
a

onstant

I

intensity sound at

f = 1000

L=1

A

and

B,

as a fun tion of time and frequen y?

lightyear, the engine velo ity is

Hz in the

v = 0.99 c,

and the engine emits
10−6 c. The

omoving referen e frame. The speed of sound is

twins' eyes and ears are perfe t.)
-3mm
(Zoltán Haiman and Ben e Ko sis)
24. A ording to the spe ial theory of relativity, time passes more slowly in a moving spa eship. On the other hand,
a ording to the general theory of relativity, gravitational elds slow down the ourse of timethat is, lo ks
ti k faster in ro kets quitting the earth's gravitational well. Stealth Spa eship Ri hard Feynman was assigned the
following mission: it is to leave the terrestrial base in the radial dire tion, and return to it after pre isely one
terrestrial day. The spa eship's lo ks must show the physi ally possible largest lapse of time. How should the
aptain operate the ro kets to a omplish the mission?
(The ro ket moves radially at all times. The earth's revolution and the perturbing ee ts of the atmosphere should
be negle ted.)
-4mm
(Previously assigned problem, Péter Gnädig, 1996)

Gateway

25. The protagonist of Frederi k Pohl's s i- novel
a identally had pushed his girlfriend into a bla k hole.
He has had a life-long remorse for this, as he knows that time slows down in the vi inity of a bla k hole, and his
girlfriend's indignant expression will be visible forever. In the se ond volume the protagonist gets ri h, makes new
plansand will probably go after the girl in the forth oming third volume. He has plenty of time, sin e the last
ten years passed as a mere half hour for her. Should the publisher speed things up, or does the protagonist indeed
have an eternity at his hands?

PS : Sin

e the original assignment of the problem, the third volume ame out. The reader learns that the Aliens
pulled the lady out of the bla k hole with the help of a gravitational an opener. Nonetheless, not even this
fortunate turn of the events an hange the physi al ontent of the problem assigned 13 years ago.
(Previously assigned problem, Gyula Dávid, 1992)
26. Examine Einstein's daisy. A
perfe tly

ording to the general theory of relativity, the ellipti al planetary orbits are not

losed. In extreme mass ratio

ompa t binary systems (e.g., a large bla k hole plus a neutron star)

orbits may nonetheless exist for suitably

hosen initial

losed

onditions.

How should the initial onditions be hosen so that in a su iently but not ex eedingly long period of time the
neutron star should tra e out a gure similar to the petals of a daisy? Des ribe the asso iated gravitational waves.
(Szabol s Márka)

27. Examine Einstein's

annon. Assume that for some strange reason a small fra tion (say,

10−11 )

of the mass of a

neutron star is asymmetri ally eje ted into spa e at high velo ity (c/2). Cal ulate the time evolution of the mass
quadrupole moment. Determine the intensity of the emitted gravitational waves (if any).
(Szabol s Márka)
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28. Re ent observations showed a slowly in reasing blueshift in the radio signals of two spa e probes urrently at
approximately 20 astronomi al units from the sun and re eding in dierent dire tions. Analysis of the data of
2
−10
the past few years has shown that this orresponds to a onstant sunward a eleration 10
m/s of unknown
origin. Several resear hers have proposed that the phenomenon is aused by the expansion of the universe, sin e
the produ t of the Hubble onstant and the speed of light is more or less of the same value. Verify or refute this
hypothesis through pre ise al ulations.
(Gyula Bene)
29. Suppose that beyond our known world there is another, similar world, the `Other world. The two are onne ted
by a wormhole, through whi h brave astronauts an get to the Other world safe and sound. A possible solution
for this is the following spa etime.
Let the

(t, l, θ, φ),

oordinates be

0 ≤ φ < 2π

with

l>0

in our known word and

l<0

in the other one, and

the usual spheri al angles. Let the square of the innitesimal interval be given by

0≤θ≤π

and

ds2 = e2Φ(l) dt2 + dl2 + r(l)2 (dθ2 + sin2 θ dφ2 ),
where Φ(l) = −2M/|l|, and r = |l| − M ln(|l|/r0 ). Here M > 0 is the mass of the wormhole, and
radius of its throat. This spa etime is indeed asymptoti ally Minkowskian in the |l| → ∞ limit.

r0 > 0

is the

a) How should M and r0 be hosen so that the observer des ending slowly and radially into the wormhole should
not feel more than the terrestrial a eleration g ?

M and r0 be hosen so that the tidal for e experien ed between her feet and head by a
therefore slowly des ending observer of 180 m should not ex eed 1g ?

b) How should
) How should

autious,

M

observer of 180

and r0 be hosen so that the tidal for e experien ed between her feet and head by a dauntless
m should not ex eed 1g , when she plunges head rst radially into the wormhole?
(Ben e Ko sis)

30. Examine the

hara ter of the matter sustaining the wormhole in problem 29.

t-t

a) Write down the

and

r-r

omponents of the Einstein equations, and determine the spatial dependen e of

density and pressure.
b) What density and pressure are observed by an observer moving radially at a speed approa hing that of light?
Why is this important?
(Ben e Ko sis)
31. Two well-known spheri ally symmetri solutions of the Einstein equations are the S hwarzs hild bla k hole of mass
M and the anti-de Sitter spa etime. These solutions are derived in mutually ex lusive ases: the S hwarzs hild
bla k hole solution does not assume a osmologi al onstant, and the osmologi al solution does not assume a
entral singularity.
a) Derive the general stati

and spheri ally symmetri

va uum solution, where both

b) How does the S hwarzs hild radius of the bla k hole's event horizon

hange

M 6= 0

and

Λ 6= 0.

ompared to the standard solution?

Numeri ally verify that the observed value of the osmologi al onstant in the present-day universe does not
signi antly modify the horizon radius of solar-mass bla k holes. How large should a bla k hole be for that this
should not be the ase?
) Assume that bla k holes existed in the inationary era shortly after the Big Bang. How is the answer to question
b) modied for these primordial bla k holes?
-2mm
(Ben e Ko sis)
32. In Woody Allen's

elebrated lm

Annie Hall, the young Alvy Singer (depi

ting Woody Allen himself ) develops a

hildhood depression upon learning that a ording to Einstein's theory the Universe is expanding. He probably
fears that also Brooklyn is expandingand so is himself. Cosmologists usually reassure him by saying that only
su iently large obje ts are subje t to

osmi

expansion, small ones held together by lo al intera tions (e.g.,

atoms, Alvy, Brooklyn, the Earth, the Solar System, the Milky Way, et .) are not. But is this
What is meant by su iently large in this
me hani s.

In models of the expanding Universe a  omoving
position ve tors
related through

physi al distan e
mass

m lo

osmologi al

r(t)

an be arbitrarily

from the origin is

hosen be ause of homogeneity). Thus the a

r̈(t) = ä(t) R = (ä/a) r(t).

r(t) from the origin were a
F osm = m(ä/a) r.

ated at a distan e

 osmologi al for e

8

lassi al

oordinate system is usually dened, in whi h the

R of obje ts at rest (e.g., galaxies) are onstant in time. Physi al displa
r(t) = a(t) R, where a(t) is in general a steadily in reasing fun tion that

expansion (and the origin

orre t indeed?

ontext? Examine the question within the framework of

ement ve tors
des ribes

r(t)

are

osmologi al

eleration of a body at

The above may be interpreted as if a body of

ted upon, beyond the usual lo al for es, by an additional

a) Taking into a

ount the above

osmologi al for e, study the Keplerian orbits of a body of mass

gravitational eld of a mu h larger mass
two-dimensional polar
and the radial

M

oordinate system, and nd the dierential equations for the radial physi al

osmologi al

oordinate

m

in the

lo ated at the origin. Separate the equations of motion in the usual
oordinate

r(t)

R(t) = r(t)/a(t).

b) Re ent measurements show an a elerating expansion of the Universe, that is, the expansion fun tion a(t) is of
αt
the form Ce . Pla e the entral star of the above one-planet solar system into the origin, and study the behavior
of the planet in the ba kground of the exponentially expanding universe. Dis uss the solutions in terms of the
expansion parameter α, the stellar mass M , and all other signi ant parameters. What is the planet's fate in the

t→∞

limit? (Note: Analyti al studies, and not numeri al solutions are expe ted for this question.)

) Perform numeri al studies to determine the temporal variation of the orbital radius of a planet initially on a
2/3 2
2
, t or 1 + t tanh kt). What an be said
ir ular orbit of radius r0 for other expansion fun tions (e.g., a(t) ∝ t

about the planet's fate? How

an you reassure Alvy?

-2mm
(Gyula Dávid, from R.H.P.'s idea)
33. Ultra high energy

osmi

rays (UHECR) o

have been dete ted whose energy ex eeded
by the dete tor Fly's Eye.
A possible s enario for the

asionally rea h the earth. So far 14 parti les (most probably protons)
20
The all-time high parti le energy, ≈ 3 × 10
eV was re orded

1020 eV.

reation of su h parti les is this: Along with the

Big Bang theory also predi ts the existen e of a

osmi

osmi

mi rowave ba kground, the

neutrino ba kground (approximately 56 neutinos per

). These neutrinos are essentially at rest. It is suspe ted that numerous UHE neutrinos rea h the earth as well
as UHE protons. When these neutrinos hit their stationary olleagues, Z -bosons may be produ ed  as long as
the rest mass of the stationary neutrino is su iently large and the osmi neutrinos are really energeti . The

Z -bosons

then disintegrate into various parti les, among other protons. These protons (and antiprotons) might

then be the dete ted UHECR-parti les.
Suppose that the proton produ ed in the

Z -de

ay takes about 1/100 of the Z parti le's energy (in the Z rest
20
hampion (≈ 3 × 10
eV) proton had been reated this way,

frame). Determine the neutrino mass if the all-time

supposing the outgoing proton was moving in the same dire tion as the in oming neutrino. What is the answer if
2
one takes into a ount the angular distribution of the protons, p ∝ 1 + cos θ , where θ is the angle between the
dire tions of motion of the outgoing proton and the in oming neutrino, measured in the Z rest frame?

The above determination of the neutrino mass is based on the idea that the in oming neutrino energy ne essary
for Z produ tion depends on the neutrino mass. This rang the bell for Prof. Finga Reen Avery 3.14  fra tional
des endant of the great fuzzy ist, Finga Reen Avery 0 , who immediately proposed the following experiment:
Let two neutrino beams
other is tuned so that

Z

ollide. The energy of one beam is kept xed (around the
bosons are produ ed in the

Z

mass), and the energy of the

ollision. As demonstrated above, the neutrino mass

an be

al ulated from the two beam energies. Should we re ommend that the experiment be realized (supposing that
the te hni al di ulties of produ ing beams of su ient luminosity around the

Z

energy have been over ome)?

-2mm
(Previously assigned problem, Sándor Katz, 2001)
34. Consider the following modi ation of a dust-dominated, expanding, at Friedmann-Robertson-Walker universe,
and show that it is an exa t solution to the Einstein equations.
Disjoint spheres of dierent radii are removed from the matter uniformly distributed throughout spa e, and
repla ed by point masses in the enters of the spheres. The mass of ea h point is equal to that of matter within
the ( orresponding) removed sphere. Inside the spheres, the spa etime metri s is S hwarts hildian. What is light
propagation like in su h a universe?
-3mm
(Gyula Bene)
35. Einstein was awarded the Nobel prize for proving the existen e of photons through the interpretation of the
Lenard law of photoele tri emission. Einstein was not satised with this proof, and kept on sear hing for more
onvin ing eviden e for the existen e of photonswhi h he eventually found in the laws of spontaneous and
stimulated emission. What was wrong with his rst, Nobel prizewinning proof ? Is it possible to interpret the
behavior observed in the experiments quantum me hani ally, but without photons?
(Tamás Geszti)
36. In re ent Bose-Einstein
i ally

ondensation experiments atoms (whi h are bosons) are trapped in (opti ally or magnet-

reated) potentials of the form


1
m ωx2 x2 + ωy2 y 2 + ωz2 z 2 ,
2
where ωx , ωy and ωz are the so- alled trap frequen ies, and m is the mass of one atom. Consider N nonintera ting
atoms pla ed in this potential. What is the riti al temperature Tc of Bose-Einstein ondensation? How does the
number of atoms within the ondensate hange for temperatures T < Tc ? Estimate the riti al temperature Tc
23
for
Na isotopes, if N ≈ 109 , and if typi al trap frequen ies are ω ≈ (2π) · 200 Hz.
V (x, y, z) =

-3mm
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(András Csordás)
37. Spin-orbit intera tion is known to be a typi al relativisti ee t. Consider an ele tron moving along an innitesimally thin ir ular ring of radius a in the xy plane, as des ribed by the Hamiltonian

β
~β
L2z
+ (eϕ · S)Lz + i (er · S).
2ma2
a
2a
operator, Lz is the operator of the z omponent of
H=

Here S is the ele tron spin
the orbital angular momentum, er
and eϕ are the radial and azimuthal unit ve tors of the two-dimensional polar oordinate system, and β is a real
parameter.
Apply a uniform magneti eld B , perpendi ular to the plane of the ring. Determine the energy eigenvalues and
energy eigenstates of the obtained system, as well as the urrent of ea h eigenstate.
(András Pályi)
38. In textbooks on relativisti quantum me hani s one an often read things like this: The Dira operator ommutes
with the angular momentum omponent operators if and only if the spatial part of the ve tor potential is zero,
and the temporal part is spheri ally symmetri . That is, the spheri al symmetry of the problem is expressed in
terms of the properties of the ve tor potential. Naturally, this is not gauge invariant (sin e the gauge is xed in
the above assertion; usually the Lorenz gauge is adopted, with the auxiliary

ondition that the potentials should

vanish at innity.)
Find a gauge invariant
of the Dira

ondition (that is one expressed in terms of the eld strengths) for the spheri al symmetry

problemi.e., for the

ommutation of the angular momentum

omponents with the Dira

operator.

(András László)
39. Consider a Mi helson interferometer with one photon. At the end of one arm an os illating mirror is lo ated.
The frequen y of the photon is ωc , that of the mirror is ωn . The mirror is small enough to be treated quantum
me hani ally, and its os illation amplitude is negligible in se ond order ompared to the length L of the arms.
a) Write down the Hamiltonian of the system.

t if the initial ondition is hosen


1
| Ψ0 i = √ | 0iA | 1iB + | 1iA | 0iB |0im .
2

b) In what state is the system found after time

(A and

B

are the state indi es of the two arms, while

) How does the visibility of the interferen e fringes

m

as

is that of the mirror.)

hange with time?
(József Zsolt Bernád)

40. Examine a harmoni

os illator with velo ity-proportional damping. Quantize this system, and interpret the result.

Next, pla e an undamped os illator into a thermostat (whi h

an be modeled by a large number of tiny os illators

intera ting with the system under examination). Quantize this system, too, and

ompare the result with that of

the previous question, as well as with the results of Brownian motion.
(József Zsolt Bernád)
41. Cal ulate the attra tive for e between two square-shaped gold plates of
to

1 cm2 , 10−6 cm

apart, making re ourse

a) the Casimir ee t;
b) Van der Waals for es.
How do these for es depend on separation and material properties (i.e., plates made of some other metal)?
(István Csabai)
42. Ea h link of a hain of length N is hosen randomly from the four-terminal elements below. What is the expe ted
value of the net resistan e as a fun tion of N ? Examine the limit of large N .

Note

: The four-terminal elements are not rotated, and the net resistan e is measured between the two free terminals
of the rst element.
5mm

(Merse El®d Gáspár)
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